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Abstract: We embed general solutions to 4D Einstein-Maxwell theory into J\f >2 super¬ 
gravity and study quadratic fluctuations of the supergravity fields around the background. 
We compute one-loop quantum corrections for all fields and show that the c-anomaly 
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Newman black holes are therefore universal and independent of hole parameters. 
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1 Introduction 

Logarithmic corrections to the area law for black hole entropy are interesting because they 
are features of the high energy theory that can be computed systematically in the low energy 
effective theory [1-4]. In situations far from the supersymmetric limit there is not yet a 
microscopic theory of black hole entropy so in this setting logarithmic corrections provide a 
valuable target for future progress. The most promising arenas for such future developments 
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are nonsupersymmetric black hole solutions to theories with a lot of supersymmetry. The 
goal of this paper is to compute logarithmic corrections to the entropy of these black holes. 

Logarithmic corrections are derived from quantum determinants over quadratic fluctu¬ 
ations around the black hole background [5] . All fields in the theory fluctuate so the results 
depend on the theory through its matter content and couplings. Concretely, we consider 
well-known black holes from general relativity in four dimensions such as the Kerr-Newman 
solutions to the Einstein-Maxwell theory but we embed these solutions in AA > 2 SUGRA. 
The matter content is specified by the host SUGRA which also determines the nonminimal 
couplings between the matter and the background. 

We find that it is useful to organize the matter in multiplets of A/" = 2 SUGRA even 
in the presence of a black hole backgronnd that breaks supersymmetry completely and 
also when Af > 2. Indeed, this organization diagonalizes the problem in the sense that 
different N = 2 multiplets decouple. Furthermore, with our embedding the field eqnations 
for quadratic fluctuations of such multiplets depend only on the N = 2 field content and 
not on couplings encoded in the prepotential. 

The one-loop quantum corrections computed in heat kernel regularization are presented 
as usual as short distance expansions with coefficients that are invariants formed from the 
curvature [ 6 , 7]. The four derivative terms that we focus on take the form 

= ( 1 . 1 ) 

where W^upa is the Weyl tensor and F '4 is the 4D Gauss-Bonnet invariant. The values of 
the coefhicients c, a are nonstandard because they are for fields with nonminimal couplings 
specified by AA > 2 SUGRA. Our results for c, a are somewhat complicated for bosons and 
fermions separately but we find that the sum gives c = 0 for any values of ny, nn, and Af. 
That is very surprising, at least to us. 

The heat kernel coefficient 04 ( 2 :) encodes the trace anomaly of the stress tensor which 
in turn determines the logarithmic correction to the black hole hole entropy in the limit 
where all parameters with the same length dimension are taken large at the same rate. For 
BPS black holes there is only one length scale, identified as the scale of the near horizon 
AdS 2 X 5^. In this situation there are no dimensionless ratios so the coefficient of the 
logarithmic correction is a pure number given by [ 8 ] 

55 = ^ (23 - ll{Af -2)-nv + uh) log . ( 1 . 2 ) 

For example, BPS black holes in AA = 4 SUGRA have vanishing logarithmic corrections to 
their black hole entropy. 

Non-extremal black holes are characterized by dimensionless quantities such as the 
charge/mass ratio Q/M and the angular momentum quantum number For such 

black holes the coefficient in front of log Ah is expected to depend on these dimensionless 
variables. This expectation has proven correct in the case of Kerr-Newman black hole 
solutions to Finstein-Maxwell theory [9]. The way this comes about is that fluctuations of 
the metric and vector fields and additional minimally coupled fields all contribute to the 


- 2 - 




c coefficient, and the curvature invariant is a complicated function of Q/M 

and J/M'^ after integration over the black hole geometry. 

Our main result is that when the Kerr-Newman black holes are interpreted instead 
as solutions to A/" > 2 SUGRA the coefficient c = 0. In this situation the logarithmic 
correction is much simpler: (1.2) remains valid for all of these black holes (modulo integer 
corrections due to zero modes and ambiguities in the ensemble). There is no dependence 
on the parameters that deform the black hole off extremality. 

This paper is organized as follows. In §2 we take solutions to Einstein-Maxwell theory 
in 4D and embed them into J\f = 2 SUGRA. We determine the quadratic fluctuations 
around this background and extend these results to general AA > 2 SUGRA. In §3 we review 
the heat kernel method for determining one-loop quantum corrections to the background 
fields, and then compute the first three heat kernel coefficients for each J\f = 2 multiplet. 
Finally, in §4 we tabulate the results for the trace anomaly and show that the logarithmic 
corrections to black hole entropy are independent of black hole parameters. As a concrete 
example we consider the non-extremal Kerr-Newman black hole. 


2 The Background Solution and its Fluctuations 


In this section we embed an arbitrary solution to the D = A Einstein-Maxwell theory into 
M >2 SUGRA. We then derive the equations of motion for quadratic fluctuations around 
this background. 


2.1 The Background Solution: Einstein-Maxwell 


The starting point is a solution to the standard D = A Einstein-Maxwell theory 


2k? 


C = ^{R- 


where k? = SttG. The geometry thus satisfies the Einstein equation 

where the energy-momentum tensor is 


( 2 . 1 ) 


( 2 . 2 ) 


V = ^ [f„F/ - , (2,3) 

The field strength F^y satisfies Maxwell’s equation and the Bianchi identity which we 
combine into the complex equation 


= 0 . (2.4) 

We introduce the self-dual and anti-self-dual parts of the field strength as 

~ ) ( 2 - 5 ) 

with 

Fpy = -^SpypaFP'^ . ( 2 . 6 ) 

We will not specify the solution explicitly at this point but it may be useful to have in 
mind that we will later consider the Kerr-Newman black hole. 
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2.2 N = 2 SUGRA: Notation 


We want to interpret the background as a solution to AA = 2 SUGRA with matter in the 
form of nv N = 2 vector multiplets and nn N = 2 hypermultiplets. The most difficult 
step will be the bosonic fields in the gravity and vector multiplets so in this section we 
focus on those. We will return to the hyper multiplets and all the fermions in the next 
subsection. 

The bosonic action of W = 2 SUGRA coupled to ny vector fields is 

C = -^R- + ^Im . (2.7) 

The index a = 1,... ,ny enumerates the complex scalar fields z" in the vector multiplet. 
The label I = 0,..., ny for the vector fields has an additional value because the N = 2 
gravity multiplet includes the graviphoton. 

The holomorphic prepotential F[X) is homogeneity two with respect to the projective 
coordinates . R has derivatives denoted Fj = 9/F, F/j = djdjF, etc., and specifies the 
coupling between vectors and scalars as 

NikX^NjlX^ , , 

Mu = luj + ^l'u = Fu + > Nm.XFxM • 

where Njj = 2ImF7j. The Kahler metric is 


dap ~ dadj^K, , 


where the Kahler potential is 

K = i{X^Fi - FiX^) . 


(2.9) 


( 2 . 10 ) 


The Kahler covariant derivatives 

XaX^ = {da + ]^K^daF)X^ , 

= {da - ]^t^dalC)X^ = 0 , 

relate the true motion in moduli space to the projective parametrization. 
weights are such that 


( 2 . 11 ) 

The Kahler 


Z\z) = X\z) (2.12) 

is purely holomorphic daZ^ = 0. The projective coordinates can be normalized such that 

NijX^xJ = -i{FjXJ - X^Fj) = -4 • (2.13) 

2.3 The Background Solution: M >2 SUGRA 


The background solution to Einstein-Maxwell theory specifies the geometry and a single 
field strength. The corresponding solution to W = 2 SUGRA has the same geometry but 


the matter fields 


z" = const , 
F+^ = X^F^ 

fiiy iiu 


(2.14) 
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We need to verify that this in fact is a solution to N = 2 SUGRA. 

The scalars are constant so their derivatives do not contribute to the EM tensor: 


= -2Im 






-JAcr 


(2.15) 


The expression simplifies for the EM tensor of the matter (2.14) 

- 2vijX^X-^ = iMijX^X-^ + c.c = iFijX^X-^ + c.c = i(FjX'^ - X-^Fj) = ^ , (2.16) 

due to (2.8) for A//j, homogeneity 2 of the prepotential, and then the normalization con¬ 
dition (2.13). Our result therefore becomes 

- iSA-A-rir-"") = T . ( 2 . 17 ) 

This is the same as (2.3) for the Einstein-Maxwell theory so the Einstein equation for 
M = 2 SUGRA is satisfied with unchanged geometry. 

The combined Maxwell-Bianchi equation in AA = 2 SUGRA 


V;. {NijF+^^^^) = 0 


(2.18) 


is automatically satisfied because the background satisfies the Maxwell-Bianchi equation 
(2.4). The dependence of A/}j and on the scalar fields introduces no spacetime 

dependence since the scalars are constant. 

The scalar field equations are not automatic even though the scalars are constant 
because the vector fields act as a source unless 

P + I p+tiuj _ dMlJ j^J _ „ (2 19') 

dz<^ dz^ ^ ' 

The anti-holomorphic condition 

= 0 ( 2 . 20 ) 
dz<^ 

is obvious: move the holomorphic coordinates under the derivative and use MijZ^ Z'’ = 
FjZ^ = 2F to find an antiholomorphic derivative that vanishes because it acts on the 
holomorphic prepotential. The holomorphic condition is almost as simple: 

= daFiZ^ - FidaZ^ = (FijZ^ - Fj)daZJ = 0 . ( 2 . 21 ) 

We used AfjjZ'^ = Fj again and then FjjZ^ = Fj from homogeneity of the prepotential. 

At this point we have completed the verification that a solution to Einstein-Maxwell 
remains a solution when embedded in AA = 2 SUGRA through (2.14). Any additional fields 
in AA > 2 SUGRA must all appear quadratically. The further embedding from Af > 2 into 
M = 2 SUGRA is therefore automatic. 


- 5 - 








2.4 Quadratic Fluctuations: the Action 

The quantum corrections to the black hole entropy are determined by the spectrum of 
quadratic fluctuations around the background. 

We first consider the general matter equations of motion derived from the action (2.7) 




i dA/jj _|_j i dAfjj j j^^, _ 

= 0 . 


( 2 . 22 ) 


The last two lines are the Maxwell-Bianchi equations. Linearizing around the background 
these equations become 

+ (V^(5A>j)F+^^" - - {V^5Nij)F-^^^ = 0 , ^ 

(5F+'^'^^ - = 0 , 


where unvaried fields (without 5) are evaluated on the background. The background fields 
satisfy (2.14) so the variation simplifies 

(V^5AA7j)F+^^" = (V^AA/j) + VaJ\fijX^Vf,6z^F+'^'^ 

= iy^Fi - A/'7jV„X‘^)V^<5z"F+^^ = -2w7jV„A-^V^fc"F+'^^F+'^^ . 

(2.24) 

We used symplectic invariance in the form XaFj = NjjVaX"^. 

Inserting into (2.23) and simplifying we find 


Vf, - V„A^(5z"F+'^^ - VaX^dz^F-i^^) = 0 . (2.25) 


This is a complex equation with imaginary part reducing to the Bianchi identity. 

After linearizing the scalar equation of motion in (2.22) around the background the 
middle term vanishes due to holomorphicity. The (complex conjugate of) the last term 
simplifies as 

{VpAfijF+jF+J>^'') = V„V;3AA,jfc“A^W'F+F+^" + 2Vf^AfjjX^F+6F+^>^’^ 

= 2V^A/>jX^F+^(5F+'^^^ - VaX-^6z'^F+f^‘') (2.26) 

= -AivijX^X^F+^{5F+^^'' - VaA‘^fc“F+^^) . 

We then collect terms and write the linearized scalar equation as 

- z.7jV^A^F-,( 5F-^^" - VsX-^fc“F-^") = 0 . (2.27) 

The linearized equations of motion for the vectors (2.25) and the scalars (2.27) can 
both be derived from the single action 

^ = - 9 a 0 ^^. 6 z^W 6 z'^ + \izij{ 6 F+J - 6 X^F+){dF+-^>^’^ - 6 X-^F+>^’^) + c.c , (2.28) 

with 6 X^ = XaX^dz'^. This is a consistency check on the manipulations. 
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2.5 Quadratic Fluctuations: Decoupling 

The action (2.28) for quadratic fluctuations is concise but the dependence on the Kahler 
metric and the symplectic metric introduces elaborate couplings between the ny 
complex scalars z°‘ and the ny + 1 held strengths We can simplify by expanding as 








(2.29) 


This represents the ny + 1 fields as a single graviphoton field and ny vector fields 
The complete basis {X^,'VaX^} is orthogonal with respect to the metric ujj in the 


sense that 



(2.30) 


The component form of the field variations are 


. (2.31) 


For variations of this form the linearized matter equations (2.25) and (2.27) become 


X^Xf.dF+f^’^ + VaX^Vf, - 6z^F->^’') = 0 , 


1 


= 0 . 


(2.32) 


Orthogonality forces the two terms in the first equation to vanish separately. Thus 5F^^'^ 
satisfies the standard Maxwell-Bianchi equations (2.4) also in the presence of a fluctuating 
scalar. We rename —)> and write the remaining equations as 


(/■"'^^ - z^F+^^'') = 0 


1 


= 0 . 


(2.33) 


These matter equations are fully decoupled: there is no interaction between the matter 
multiplet and the SUGRA multiplet (gravity and graviphoton). Also, the ny vector multi- 
plets do not couple to each other so they can be analyzed independently. We will henceforth 
suppress the index a. 

The equations of motion (2.33) are actually misleading as they stand because, accord¬ 
ing to the first equation, the antisymmetric vector field does not satisfy the Bianchi 
identity: the imaginary part of has a source. We can remedy this by the field redefi¬ 
nition 

+ zF-^'^ . (2.34) 


The transformed field strength satisfies the Bianchi identity. 
(2.33) become 

(/^'^ - izF+^^'^ + izF-^^'') = 0 , 

+ \zf;,f->^- = 0 . 


The general equations 


(2.35) 
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This is our final result for quadratic fluctuations of a A/" = 2 vector multiplet around a 
solution to the Einstein-Maxwell theory. 

We have not yet analyzed the Einstein equation. Linearizing the EM tensor (2.15) of 
the N = 2 theory around the background we hnd 


5 = SvijF^jF-^^ + uij + ^-c.) 

= {Nij - Mij) 5z^X^X’^F+F-^ + uij8F+^X^F-^ + c.c. 


= iyuX\5F+J - X^X^5z^F+)F-^ + c.c. 


1 




(2.36) 

for variations of the form (2.31). Thus fluctuations in the geometry are sourced exclusively 
by the graviphoton or, equivalently, the Einstein equation respects the decoupling of the 
N = 2 SUGRA multiplet from the vector multiplets. 


2.6 Quadratic Fluctuations: Completing the Multiplets 

The full N = 2 supergravity theory generally includes many fields that vanish in the 
background. The actions of such fields can be computed at quadratic order by taking all 
other fields to have their background value. This process introduces nonminimal couplings 
because of the background graviphoton. In the following we examine the various M = 2 
multiplets one by one. 

The N = 2 SUGRA multiplet contains the graviton, two gravitini, and the gravipho¬ 
ton. The bosons are governed by the Einstein-Maxwell action (2.1). The gravitino action 

1 

/Igravitino = - + ujj {F-JQ-^^^^ + h.c.) , (2.37) 

K 

where i = 1,2 enumerates the two gravitini. The Pauli term depends on = 

-|- .... In the background (2.14) the normalization condition (2.30) then gives 

Tlgravitino = - ^ + h.c.) . (2.38) 

The sum of this action and the Einstein-Maxwell action (2.1) is invariant under the N = 2 
supersymmetry 

, (2.39) 

where F = . 

The M = 2 vector multiplet has one vector field, two gauginos, and one complex scalar. 
The bosons satisfy the equations of motion (2.35), as we have shown in detail. The gauginos 
are subject to Pauli terms that couple them to each other and to the gravitinos. However, 
these couplings appear in the combination = V^A + •••)’ such 

^We follow the conventions of [10]. The normalization of the Maxwell field strength in (2.1) is con¬ 
ventional in the gravity literature. The relation between the two conventions for the graviphoton is 

p(FvP) _ „p{here) 

F jxi/ — HI/ 
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terms vanish when contracted with a held strength F~J of the background form (2.14) 
because of orthogonality (2.30). Therefore the gauginos are minimally coupled fermions. 

The M = 2 hyper multiplet has two Majorana hyper fermions and four real scalars. 
The scalars are minimally coupled to gravity. The hyper fermion is acted on by a Pauli 
term where the metric vij contracts F~J and = X'^ Cab + .. .^. The 

is proportional to as it was for the gravitino and again orthogonality leads to a 
simple result for the quadratic action 

/Ihyper =-2a7'‘^MC^ - ^ + h.c.) . (2.40) 

It is sufficient for our purposes to consider each hyper multiplet independently. For a single 
hyper multiplet the indices A, B = 1,2 and we can take Cab = ^AB- 

2.7 M >2 SUGRA 

We can extend our results for AA = 2 SUGRA to theories with M > 2. 

We hrst embed the background solution to the Maxwell-Einstein theory into SUGRA 
with N > 2. We pick one of the \M{N — 1) gauge helds in the gravity multiplet and 
designate it as the graviphoton of an AA = 2 theory that is identihed with the gauge field 
of the Maxwell-Einstein theory. This embedding dehnes the background dehned earlier as 
a solution also to AA > 2 SUGRA. 

We next organize all fluctuating fields in AA = 2 multiplets. The N > 2 symmetry 
constrains the J\f = 2 matter content. For example: 

• A AA = 4 theory has ny = nn + 1 because one M = 2 vector is part of the J\f = A 
supergravity multiplet while each J\f = A matter multiplet is composed of one J\f = 2 
vector and one N = 2 hyper. 

• The AA = 6 theory: ny = 7 and nn = A. 

• The Af = 8 theory: ny = 15 and nn = 10. 

The classihcation under M = 2 takes all matter fields into account except for the 
N — 2 gravitini and their superpartners. We refer to these as massive gravitini. A massive 
gravitino multiplet has one gravitino, two vectors, and one gaugino. The two vectors 
in the massive gravitino multiplet are minimally coupled vector helds. The background 
graviphoton held couples the remaining fermions: 

/Igravitino = -- ^(T^Fy'^A + h.c.) . (2.41) 

We found this action by reduction of AA = 8 SUGRA [11] but other approaches give the 
same result. As a check we verihed that in AdS 2 x 5^ the fermion helds acquire precisely 
the conformal weights demanded by the superconformal symmetry of the action. 
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3 Heat Kernel Expansion 


This section reviews the heat kernel approach to the computation of functional determi¬ 
nants of the quadratic field fluctuations, including a few elementary examples. We then 
employ this method to calculate heat kernel coefficients for quadratic fluctations around 
generic solutions to Einstein-Maxwell theory. We consider each J\f = 2 multiplet in turn. 


3.1 One-Loop Quantum Corrections 


The action for quadratic fluctuations around a background solution takes the schematic 
form 

5 = - y d^x (t>nKn(r , (3.1) 

for some differential operator A that depends on the background fields such as the metric 
and the field strength We define the effective action W as 

W = ^logdetA , (3.2) 

since we can schematically write 




= / V(/)e 


— (pAcf) _ 


V det A 


(3.3) 


The one-loop quantum corrections we want to compute are encoded in this Euclidean path 
integral. 

The heat kernel of A is defined by 


D{s) = Tr ^ , (3.4) 

i 

where {A*} are the eigenvalues of A; we have denoted them as discrete, but they may in 
practice be continuous. After UV regularization we can express W in terms of D{s) as 

(3.5, 

D{s) is referred to as the “heat kernel” because we can express it as 


D{s) 


d^x y/—gK{x, X] s) , 


(3.6) 


where the Green’s function K{x,x'] s) satisfies the heat equation 


{ds + Ax)K{x,x'] s) = 0 , 


(3.7) 


with the boundary condition K{x,x']0) = 6 {x — x'). Inserting (3.6) back into (3.5), W 
becomes 

1 (7s /■ _ 

W = --J^ — J d^x^/^K{x,x;s) . (3.8) 

Therefore, in order to compute the one-loop quantum corrections to the theory, we must 
find the Green’s function K(x,x‘,s) corresponding to the quadratic field operator A. 
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3.2 General Method 


The Green’s function K{x,x',s) corresponding to A permits a perturbative expansion for 
small s 

OO 

K{x, x; s) = ^ s^~‘^a 2 n{x) , (3.9) 

where {a 2 n{x)} are the Seeley-DeWitt coefficients [12], We want to express these coeffi¬ 
cients in terms of the background fields and their covariant derivatives. To do so, we follow 
the procedure reviewed in [7] and assume that the differential operator A acting on our 
quadratic field fluctuations takes the form 

A- = -(□)/- - - P" , (3.10) 

where and P are matrices constructed from the background fields {(pn} and I is the 
identity operator on the space of fields. We denote □ = D^Df^ where D^j, indicates the 
ordinary covariant derivative. All indices are raised and lowered with the background 
metric The formulae below require that A be a Hermitian operator, and so the action 
must be adjusted (up to a total derivative) to make this so. 

We can complete the square and rewrite A as 

A- =-(P/^P^)C-P- , (3.11) 

where 

E = P — uj^ui^ — (D^LOfj,) , Pn = Dn + co^ , (3-12) 

and we have suppressed the field indices for notational simplicity. Note that the paren¬ 
theses in the term (P^cj^) indicate that the covariant derivative acts only on The 
background connection was assumed to be torsion-free, but this new effective covariant 
derivative need not be. The curvature associated with is denoted as 

nn,^[Vn,V,]. (3.13) 

With these definitions, the expressions for the first three Seeley-DeWitt coefficients are 

( 47 r)^ao(x) = Tr / , 

( 4 vr)^a 2 (x) = Tr P , 

Ie" + - R^uR^I ■ 

We have set P = 0 in (3.14) since the Einstein equation (2.2) defines a Ricci-flat space. We 
have also ignored all total derivatives as they will integrate to zero. We can in principle go 
to higher orders and compute ae{x), as{x), ..., but the logarithmic divergences in 4D are 
determined by 04 (x) and so it is sufficient to compute the heat kernels up to this order. 

3.3 Elementary Examples 

To see how these heat kernel coefficient calculations work in practice, we will do the explicit 
calculations for a few elementary examples. The methods used naturally generalize for the 
more complicated interactions analyzed in the following subsection. 


(47r)^a4(x) = Tr 
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3.3.1 Free Scalar Field 


Consider a minimally-coupled scalar field with a mass m 

^ • (3.15) 

The ordinary derivative is the same as the covariant derivative when acting on scalar 
fields so we can integrate by parts freely. In the language of §3.2 the differential operator 
is 

A = —□ -|- , (3.16) 

where A acts on the scalar field (j). There are no terms in (3.16) linear in derivatives, so 
the matrices I, and E are 

1 = 1, w^ = 0, E = —m^ . (3.17) 

The commutator of two covariant derivatives vanish when acting on scalar fields, and so 
the curvature is 0 : 

= 0 . (3.18) 

Inserting this data into (3.14) we find the Seeley-DeWitt coefficients for the massive scalar 
field 

(47r)^ao(x) = 1 , 

(4vr)^a2(x) = -rr? , 

(47r)2a4(x) = 2 ”^^ + - RpuRn • 

3.3.2 Free Spinor Field 

The action for a minimally-coupled Dirac spinor ^ with a (real) mass m in a 4D spacetime 
is 

S = J d‘^Xy/^’4}{'y^Dfj_ + m)Tp . (3.20) 

The gamma matrices 7 ^ satisfy the standard commutation relation 

) (3.21) 

where I 4 is the identity matrix in our Clifford algebra, which we may suppress for notational 
simplicity and re-introduce when needed. The action consists of a first-order Dirac-type 
differential operator H = + m acting on spinors. As is standard procedure [7, 13], 

we can define the determinant of a Dirac operator H as the square root of the determinant 
of HH'f: 

logdeti7 = logdeti7^ = ^logdet^^^ . (3.22) 

It is therefore sufficient to compute the heat kernel of HW. 

Let us now assume that our spacetime is even-dimensional and has Euclidean signature, 
in which case our gamma matrices are Hermitian, 7 ^ — Ip- With this choice, the operator 
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7 ^-D/^ is anti-Hermitian, ( 7 ^!)^)^ = — 7 ^!)^, and hence we find that the relevant second- 
order differential operator acting on ■0 is 


A = . 


(3.23) 


The covariant derivative acts on -0 by 

= df.'ip + ^7aba;“V , (3-24) 

for the spin connection where are curved space indices, a,b,... are flat space 

indices, 7 ^ is shorthand for 7 “ea, and Ca is the vierbein. Gamma matrix commutation 
relations give 

[D^,Di,]'ijj = Rf.uab'^ = ■ (3.25) 

By breaking up into its symmetric and antisymmetric parts and using (3.25), 

we find that 

= 4) (^]pP-i^{Dp, D„] - ]pP^[Dp, D„] + tp 
= 4j Rpupa + V’ (3-26) 

= tjj + ^R + pj , 

where equality in the last line comes from using gamma matrix commutation relations and 
the Bianchi identity Rp[upa] = 0- 

A defined in (3.26) is of the Laplace-type form required in (3.10), and we identify /, 
Up, E, and Qpu as 

I = I 4 , u}p = 0 , E = -m\ , Atpy = ^Y'^Rpupa ■ (3.27) 

We can use gamma matrix identities to compute the traces of /, E, E"^ , and Q.pyU.P'^ needed 
for our heat kernel coefficients. The result is: 


(47r)^ao(x) = -4 , 
(47r)^a2(x) = 4m^ , 


(47r) 2 a4(x) = — 


2m^ + — {-IRp.p^RP'^P^ 


SRp^RP^ 


(3.28) 


The overall minus sign on each of these heat kernel coefficients is put in by hand to account 
for fermion statistics. We also note that this derivation assumed that ip was a Dirac spinor. 
Weyl and Majorana spinors have half the degrees of freedom of Dirac spinors, and so we 
must divide these results by two if we want the heat kernel coefficients for Majorana or 
Weyl spinors. 

This derivation was done in a Euclidean spacetime in order to take advantage of Her- 
mitian gamma matrices. For Lorentzian spacetimes the spinor conjugation includes 7 ^, 
which has the effect of changing the boundary conditions on the conjugate spinor. We are 
considering manifolds without boundary, so this change in boundary conditions is irrelevant 
and our results naturally generalize to Lorentzian spacetimes as well [7]. 
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3.4 N = 2 Multiple! Heat Kernels 

We will now compute the heat kernels of the quadratic fluctuations of the N = 2 multiplet 
field content. The heat kernel coefficient formulae (3.14) are strictly in terms of local 
invariants constructed from the background helds, so there are no issues in using the 
classical equations of motion for the background fields to simplify these expressions. We 
will freely make use of the Ricci-flat Einstein equation 

Rfiu = —F^pF^^ — -gpi^FpcrF^ , (3.29) 

as well as the Schouten identity (given in equation (4.47) of [10]) 

FppF/ = FppF/ = \gp.Fp^FP^ . (3.30) 

We will also use Maxwell’s equations and the Bianchi identity in the form 

Df^Fp, = 0 , Di^Fp, = 0 , (3.31) 

and the gravitational Bianchi identity 

Rp[upa] = 0 . (3.32) 

In addition, we will make extensive use of gamma matrix technology in 4D, using the 
conventions from [10]. In particular, the identity 

"ipvpa — i^h^pvpa (3.33) 

will be very useful. Lastly, we can ignore total derivative terms in heat kernel coefficients 
and so we freely integrate by parts. For example, we hnd that (up to a total derivative) 

{DpFp,){DPFi^-) = 2{DpFp,){D-F^^P) 

= -2{D'^DpFp,)FPP (3.34) 

= -2{[D,,Dp]FPnFpP , 

where equality comes from the Bianchi identity, integration by parts, and Maxwell’s equa¬ 
tions, respectively. The covariant derivative commutator acting on a rank-2 tensor then 
gives 

{DpFp,){DPFP^) = -2Rp,FPPF’^p + Rp.p^F^’^RP^ . (3.35) 

We note that (3.35) also holds If we replace Fp^, with the dual field strength Fp^. 

3.4.1 Hyper Multiplet 

A single J\f = 2 hyper multiplet contains two Majorana fermions and four real scalars. The 
scalars are minimally coupled to gravity and massless, so we can use the free scalar result 
(3.19) with m = 0: 

{47rfa^'\x) = 4 , 

{47rfaf\x) = 0 , ( 3 . 36 ) 

{47rfaf\x) = ^ {Rp.p.RP'^P^ - RpuR^ ■ 
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The Lagrangian for the hyper fermions (2.40) mixes left-handed and right-handed 
fermions. We want to put this Lagrangian in the form of a diagonal Dirac-type Lagrangian 
to use the procedure outlined earlier for fermionic heat kernels. We define the spinor 

= PrCa + PlC^ , (3.37) 

where Pl = |(l-|- 75 ), Pr = ^(1 — 75 ). The hyper fermion Lagrangian can then be rewritten 
as 

>Chyper = i’A {^1^D^5 aB + AB^ i’B ■ (3.38) 

Though we have lost information about the chirality of the spinors, this Lagrangian is now 
in the form of (3.20). That is, we can express the Lagrangian as 

•^hyper — '^aHaB^B ; (3.39) 

where Hab is a Dirac operator acting on the spinors xI^a by 

Hab = -7^Dfj,6AB + ■^PfiiyJ^'^eAB ■ (3.40) 

As with the free spinor field we now continue to Euclidean space, giving us Hermitian 
gamma matrices 7 ^ = 7 ^ and the spinor conjugate 4)a = '4’\- We can also choose the 
background field to be real. With these conventions, the Hermitian conjugate of Hab 

is . 

h\b = 1^D^5ab + ^P^ul^'^eAB . (3.41) 

The relevant Laplace-type operator that we will compute the heat kernel of is 
Aab = HacHq^ 

= + ■^Pfj,u'y^‘'eAC^ {i^D^5cb + -^F^iu1^''(-CB^ 

= - {i^-i'^D^D,5AB - ^F^uY'^YPpeAB + ^YDpFp.^^'^eAB + ^F,.uFpal>^'^Y^SAB 
= - OSab + Fppji^DPeAB + - IPp.F^"'^ ^ab , 

(3.42) 

where equality in the last line comes from using (3.26) and (3.33), as well as noting that 

Y{DpFp,)r'' = {DpF^,)r^Y = 0 , (3.43) 


by the Maxwell-Bianchi equations (3.31). 

From the form of A in (3.42) we identify the matrices I, and P as 

Iab = U5ab , {uJp)AB = eAB , Pab = 1 [Fp,F>^''^ 5 - Fp,F^^^^ 

By Maxwell’s equations [D^{LJp )ab) = 0 so E becomes 

Eab = Fab - {^p)ac{^^)cb = g {f^uF^''^^ + FpyF^'^'^ 5 ab ■ 


Sab ■ 

(3.44) 

(3.45) 
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The curvature corresponding to the effective covariant derivative is 


{^Plv)aB = [(T’^)aC, {'^u)cb\ 

= [D^,Du]5aB + {Dfj,{LOu)AB) - [Dy{LjJ^)AB) + [{^^ij)aC, {<^u)cb\ 


(3.46) 


We can use our expressions for Dy\ and from (3.25) and (3.44), respectively, giving 


i^tiu)AB = -iR 


1 


_7? 7? 




Y"" ^AB + ( ) eAB ■ 


(3.47) 


We can now compute all of the traces necessary for the Seeley-DeWitt coefficients. These 
traces are tedious but straightforward to compute, so we will simply quote the results, 
noting that we use (3.29) and (3.35) to simplify when possible. 


Tr / = 8 , 

Tr Z; = , 

Tr = ^{Fp^F^^'f + ^{Fp,F^^''f , 

Tr = -Rp.p^R^'^P^ + 16Rp,RP^ - ^{Fp^RP'^f . 

We can use these quantities with (3.14) to calculate the Seeley-DeWitt coefficients for 
the hyper fermions, making sure to add an overall factor of —1/2 to account for fermion 
statistics and the Majorana condition. The result is 

(4vr)^ao’^(x) = -4 , 

{4Tfaff{x) = , 

(4nfaf^(x) = -T . 

(3.49) 

Adding up the bosonic part (3.36) and the fermionic part (3.49), the full hyper multiplet 
heat kernel coefficients are 

(Airfa^ix) = 0 , 

(4»)=a“(i) =-iF„„F'‘^ 

Hxfa^ix) = 4 + j(F„„F'“') 2 - j(F„„F'“')d 

The ao(x) coefficient vanishes because any full multiplet has an equal number 
and fermionic degrees of freedom. 


(3.50) 


of bosonic 


3.4.2 Vector Multiplet 

The N = 2 vector multiplet consists of one vector held, two gauginos, and one complex 
scalar. The gauginos are massless Majorana fermions that couple minimally to gravity. 
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and thus we can use (3.28) to find the vector multiplet fermionic heat kernel coefficients 


(4vr)^ao’^(x) = -4 , 

{ATrfa^’^ix) = 0 , (3.5I) 

(47r)2a^’^(x) = - SR^.R^ . 

The equations of motion for the bosonic content of the vector multiplet are given in 
(2.35). We split the complex scalar z into its real and imaginary parts by 


z = X — iy , 


(3.52) 


where x is a real pseudoscalar field and y is a real scalar field. The bosonic action consistent 
with the equations of motion (2.35) is 

A = -lUuF"' - ]:{D^y){D>^y) + 

8 4 4 ^ 16 ^ 

- ^{D^x)iDF) + - '^xyF^.F^ , 

where is the fluctuation about the background field strength As a 

consistency check we note that on AdS2 x (where F^j^F^^ = 0) this action is consistent 
with equation (6.4) of [3]. 

We choose the Lorenz gauge = 0 by adding a gauge-fixing term to the Lagrangian 

. (3.54) 

This gauge-fixing will introduce two anti-commuting scalar ghosts that will contribute to 
the heat kernel with an overall minus sign. We denote Fm} = {y, x, o^} to be the bosonic 
field fluctuations. Then, we can use Maxwell’s equations and the Bianchi identity to rewrite 
our action in the Hermitian form required in (3.10), up to a total derivative, as 

5 = -| y (fxFFj(t>nKn<t>m , (3.55) 

where 

(Dy^" - F'^") a, + y {u - y + x x 

+ y {FP'^Dp) a, + (FP^Dp) y + x (iF^'F^) a, + (iF^Dp'^ x (3.56) 
+ y X + X y . 

From (3.56) we can read off the matrices P and ojp. And, since all of the terms in ujp 
depend on Fpp or F^p, (F^Wp) = 0 due to Maxwell’s equations and the Bianchi identities. 
E thus becomes 

0„F” r = F{P- Fu;p)l r = ap + ^F^^F"^ - \fppF)j a, . (3.57) 
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The lack of any terms involving x or y in (3.57) was not a priori obvious but a consequence 
of how terms in the action that coupled x and y to the background conspired to cancel. 

There are six off-shell bosonic degrees of freedom for the fields {4>n}'- four from the 
vector and two from the scalars x and y, giving Tr / = 6. From (3.57) we compute the 
traces 

Tr F; = ^ , 

TtE^ = + ]^R^,FPPF% (3.58) 

+ ^^[FPPF,p){F^,F^-) + L{FPPF,p){F^J^^) - ^(F^^F,,)(F^.F"'^) . 

In order to compute the curvature we expand the commutator in (3.13) 


(^po-)m — [Dp, Da\m + (^[p<^(T])m + [^pi ■ (3.59) 

The covariant derivative commutes when acting on scalars, but not for vectors, and so the 
first term in (3.59) is 


MDp, = ap[Dp, D^]aP = (i?%J a 


(3.60) 


The second term in (3.59) is calculated by applying the covariant derivative to ojp. 
the Maxwell-Bianchi equations to simplify we find that 


Using 


4>n{D^u:,^)l,r = y{-\{D,Fp„)^ 


d d 




liD>^Dp^) 


(3.61) 


+ X i^-'-{D,Fp^)j a" + ap j V • 

The last term in (3.59) is the product of Up and uja, antisymmetrized in p and a: 

r = ap a" • (3.62) 

Adding all of these components up, we hnd that 

= ap 

+ y (^-]^{D,Fp„)^ a" + ap Q(Z)^Fp,)) y (3.63) 

+ X (^-^(D,Fp^)^ a" + ap (^^(D^Fp^)^ y . 

Now that we have all of the components of flpo-, it is straightforward to trace over 
We will also simplify by using the Maxwell-Bianchi equations and (3.35). The result, up 
to a total derivative, is 


Tr Qp^P^ = -Rp^p^RP^P^ + Rp, - F'^^F';) 

+ ^ ((F^^F,p)(Fp,F"'^) + {FPPF,p){Fp^F^^) - {Fp.pP'^f - (Fp.F^")^) 

+ ^ ({Fp.FP'^ f - (F^^F,p)(Fp,F"-)) . 

(3.64) 
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We now have all of the traces needed to calculate the Seeley-DeWitt coefficients for the 
bosonic fields. However, our gauge-fixing also introduced two scalar ghosts into our system. 
These ghosts do not interact with any of the bosonic fields and so their corresponding heat 
kernels are those for two minimally coupled scalars (3.19). If we insert our traces into the 
coefficient formulas in (3.14) and subtract off the ghost contribution, we find that: 

= 4 , 

(47r)2a^’'(x) = J , 

- + SGRp^RP’^ - 30Rp^ 

+ ^ (FPPF^p) (F^^F--) + y (f'^^F,,) (f^.F"") 

- ^ (Fp^RPn" - ^ (f^.F^")' 

+ ^ ^ {FPPFpp) [FpJP-) - ^ (f^^F,,) (f^.F-) 

(3.65)' 

Adding up the fermionic (3.51) and bosonic (3.65) contributions and using the Schouten 
identity (3.30) to simplify, the full vector multiplet heat kernel is 

(4vr)^a^(x) = 0 , 

(47r)2ay(x) = ^ (f^,F^" - F^.F^") , 

- RpupaR^’'^^ + l2Rp,RP'' - ARp, (^FPPF’^p - F^PR'^p) 

+ {FPPF.p) (F^^F"-) + {pPPP.p) {Pp^F^^) 

Our result for {x) disagrees with [ 8 ] in the special case of BPS black holes. How¬ 
ever, 02 (x) determines the quadratic divergences and encodes the renormalization of the 
Newton constant. These quadratic divergences are scheme-dependent and unphysical. We 
will record our results for 02 (x) in our heat kernel regularization scheme for the sake of 
completion. 

3.4.3 Gravity Multiplet: Fermions 

The gravity multiplet consists of the graviton, two Majorana gravitini, and the graviphoton. 
We rewrite the Lagrangian for these gravitini (2.38) by using (3.33) to express in 

terms of 75 and the Levi-Civita symbol, resulting in 

/:gravitini = -D.'irAp + Ap eAB^Bu , (3.67) 

where A,B = 1,2 enumerates the two gravitini species. The covariant derivative acts on 
the gravitino field by 

Dp^P^ = dp^P^ + , (3.68) 


(4vr) 04 (x) = — 


(47r)^a4 


= 180 
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for the spin connection oj^ and the Levi-Civita connection The commutator Dy] 
acting on will be the sum of the spin and Riemann commutators 

^Ap[D^,, Dy\^P^ = Tap Rpuafi + V'") ■ (3.69) 

Tbe gravitini Lagrangian (3.67) is invariant under the SUSY transformation 

) eB , (3.70) 

for a spinor es- This SUSY transformation acts as a gauge symmetry. 

We need the kinetic term of the gravitini to be in Dirac form in order for it to square 
to a minimal operator. We use the procedure outlined in [14] and gauge-fix our action in 
such a way that, when paired with a suitable corresponding field redefinition, the kinetic 
term becomes Dirac-type. In particular, we choose the harmonic gauge for our gravitini 
d^'kAp = 0 by adding the gauge-fixing term 

^g.f. = ^(Tap7^)7"^:.(7"'I^^p) . (3.71) 

Then, we consider the field redefinition 

^Ap = ^Ap - ]ppl''^Av . (3.72) 

Using gamma matrix identities and (3.33), it is easily verified that 

^ApYDy^^X = Tap Tap , 

TapT^'Tb. = ^Tap ^Bu , (3.73) 

^Apl^F^'^^Bu = \^Ap + 75^^'^" - Tb. . 

Therefore our full action (including gauge-fixing) can be written as 

S = ^ j ^ApH^B^Bu , (3.74) 

where 

FTb = -YDpg^^'^dAB + \ + 75^"'^") eAB ■ (3.75) 

Our action is now in the Dirac form required for our heat kernel methods. We note that 
the overall normalization in (3.71) was chosen to enforce this; any other choice would result 
in an action whose square is non-minimal [15]. 

As with the hyper fermions we now continue to Euclidean space, giving Hermitian 
gamma matrices. The gravitino conjugate is Tap = and we will again choose to 
be real. The Hermitian conjugate of H is 

H"b = YDpg^^’^dAB + ^ - 75^'^") CAB . (3.76) 


d^Ap = [dABDp - -^AbY"^F pcy'^p 
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The relevant Laplace-type operator that we will calculate the heat kernel of is 


_ ufj-M fj V 

‘■^AB — CB 

= -Yl^DpD^gf^’^dAB + \iF^^ + - I^F^I^ab (3.77) 

- ^YDpiF^^’' - l^F^eAB + \{F^^ + l^F^nYDpeAB • 

As with the hyper fermions, we can break the two-derivative term DpD„ into its 
symmetric and anti-symmetric parts and use the commutator given in (3.69). We will also 
use the Schouten identity (3.30) and gamma matrix commutation relations to simplify this 
expression. The result is 

= - {ugP''5AB + \Y^Rpr^AB + \{F^^F,:' - FP^F^nSAB 
+ ^Y{DpFPneAB - \Yl^{DpFneAB 



In (3.78) there is no term linear in derivatives. This corresponds to ojp = 0, and so the 
matrices I and E are 


Iab = , 

Kb = 5ab (3.79) 

+ (^-YiDpFP'^) - eAB . 

Since Up = 0, the curvature Vt,p^ of the connection Vp is given by the commutator in (3.69) 

K)ab = + Rpr') 5 ab . (3.80) 

The relevant traces for our heat kernel coefficients are 


Tr / = 32 , 

Tr ^ = -2Fp^FP^ + 2KK , 

Tr = ARp.p^RP'^P^ + ^ (FPPF.p - KK) (Fp.E^'^ - (3.81) 

+ 2{DPEP‘')iDpFp,) - 2 {DpK){DpK) , 

Tr Qp^nP^ = -URp^p^RP^P^ . 

We can now calculate the Seeley-DeWitt coefficients (3.14) for the gravitini in the 
gravity multiplet, making sure to add an overall factor of —1/2 to account for fermion 
statistics and the Majorana condition. We will also simplify the result by using (3.35) to 
rewrite (DpEp^)'^ and {DpFpy)"^ in terms of the Riemann tensor and Ricci tensor contracted 
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with these field strengths. We end up with 


= -16 , 

(47r)2ar"*'“(a:) = - 32F^,F'^" - 360F^,(F'^^F‘; - F'^^F';) 

+45(F'^^F,p - F'^/’F,p)(F^<,F"" - F^<,F"")) . 

(3.82) 

As noted in [3], the particular choice of gauge made in (3.71) induces the ghost La- 
grangian 

>Cghost = IaI^D^ca + eAl^D^eA , (3.83) 

where 6 ^, cA; and ca are fermionic ghosts, with the same species index A = 1, 2 as the grav- 
itinos. Since there are six different species of these minimally coupled Majorana fermions, 
their contribution to the fermionic heat kernel will be —6 times the free spin-1/2 heat kernel 
(3.28). The net fermionic heat kernel coefficients, including gauge-fixing and ghosts, are 
{^) — ^he final Seeley-DeWitt coefficients for the fermionic 

content of the gravity multiplet are thus 

= -4 , 

(47r)2af^''’^(x) = F^,F^" - F^,F^" , 

(47r)2ar''’^(x) = - 360R^,{Ff^f’F’'p - F^^^F/)) (3.84) 

+180F^^p^(F^^F^'" - F>^‘'FP^) 

+45{Ff^PF,p - FPPhp){FpaF'^^ - F^<.F"")) . 

3.4.4 Gravity Multiplet: Bosons 

As discussed in §2.3, the action for the bosonic content of the gravity multiplet coincides 
with the Einstein-Maxwell action 

S = ^ J (^R-\Fp,FP'^^ , (3.85) 

where R is the Ricci scalar corresponding to the metric and F^^ = DpA^ — D^A^ is 
the background graviphoton field strength. We want to consider quadratic fluctuations 
about the background and then compute the corresponding heat kernel. This calculation 
has been done for Einstein-Maxwell theory [9], but we find it useful to go through it in 
detail. 

Consider the variations 


— dpiy , SAp — dp . (3.86) 

The fluctuations are the graviton and the graviphoton a^. We will expand the action 
(3.85) to quadratic order in these field fluctuations. The relevant second-order variations, 
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up to a total derivative, are 






V^g 


v/=5 


V - + hP^hppRP, 

+ ^{hPpfR - hP'^hPpRp, - ^hP'^hp.R 
+ {DPhp,){DPhp + {DPD'^hp,)hPp , 

V,.r - \ (hP^hp, - ^-{hPpf'^ Fp^FP^ 

- ShP'^fppF/ + 2hPpfp,FP^ + AhP'^hP.Fp^Fp- 
+ 2hP^hP^FppF,^ - 2hP'^hPpFp^FA , 


(3.87) 


where fnu = DnCtu — DuQu- We gauge-fix our theory by 


1 


1 


^g.f. = ( DPhpp - -DphPp ) { D’^K^ - -D^h'^, ) - ^{DPa 


1 


2k? 


(3.88) 


which picks out the harmonic gauge for the graviton {DPhpp — ^Dph^p = 0) and the 
Lorenz gauge for the graviphoton {D^ap = 0). We use the background Einstein equations 
to simplify the gauge-fixed quadratic action, which includes setting R = 0. Additionally, 
we let hpi, —)> y/2hpy so that the kinetic terms for the graviton and the graviphoton have 
the same normalization. The resulting action is 


5 


1 




hP''Uhp, - ^hPpUhPp + aP {Ugp, 


- 2hP^hppRP, - -^hP'^hp^Fp^FP^ + ^-{hPpfFp^FP- 


Rp,) a" + 2hP^hP^Rpp,, 
hP’^hP^FppF,^ 


- ^hPpfp^FP'^ + 2V2hP-fppF/ . 

(3.89) 

We note that (3.89) is not in the required Laplace form needed for our heat kernel 
analysis, due to the kinetic term. To fix this, we separate the graviton hpy into 

its trace h and traceless component ippu by defining 


h = hPp, (3.90) 

— hpu ~gpi/h . (3.91) 

This decomposition is standard, as the fields h and (ppu transform under irreducible repre¬ 
sentations of SL{2,C) [16-19]. The action becomes 


s = T/ 


- -^hnh + a" {Og^„ - a" + 24 ,“- 4 , 1 ^ 


1 


- 2(pP''(PppRP, - -cpP’^^p.Fp^FP^ - r^r^^FppF,^ - hcPp.RP’^ + 2^2^'^f ppF/ . 

(3.92) 
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The kinetic term for h has a negative sign. This is the conformal factor problem in 
gravity, and results in an unbounded path integral for our theory. The resolution to this 
problem is that the one-loop effective action can be made to converge by performing a 
conformal rotation that takes the contour of integration for h to be along the imaginary 
axis [20-22]. We will also simultaneously rescale h to make the normalization of its kinetic 
term coincide with those for and a^. Therefore, we let 


and consider the action quadratic in the fields {<?in} = 4>}- The result is 


S = j 


n ,m 


(3.93) 


(3.94) 


where A acts on our fields by 




pi' (J 


V 


pa pi' a 

+ (ngf^p - R>^p) aP + </)□</) + {-iR^'^) ^ {-iRpa) 

'^/2 


+ 




‘{DPR/) + V2{F^^gP^ - F/gP^)D- ) 


(3.95) 


+ ap i^{DpFP„) + ^/2(n5pa - F^„gP)DA 


We have adjusted total derivative terms to make A Hermitian. From (3.95), the matrices 
P and oJa are 

+ Up {-RPp) aP -I- (j)py i-iRP'') 4 > + (j) i-iRpa) (3.96) 

+ (pfiu 

= ^ckp, {FjgPp - F^gP^) aP + ^ap {RP^gp^ - F^^gP) <pP- . (3-97) 

We now define the operator 

G;S = ^sV'; + 9Vp-5S'‘%,) . (3.98) 




qP + a 





Gpa projects onto the traceless part of a symmetric tensor. In order to impose that (pp^, 
is the traceless part of the graviton, we must use Gpa to contract pairs of indices for any 
operator acting on (pp^. That is, if we have some matrix M acting on our fields such that 


cPnMir = CP^^UMPPPCPP- 


( 3 . 99 ) 


then is given by 


. (3.100) 

We must also use G^a when taking traces of these operators, i.e. 

Tr M = . (3.101) 

As an example, the identity operator Ig acting on is defined by 

{9%9\) • (3.102) 

Since (pgu is both symmetric and traceless, we expect it to have 10 — 1 = 9 independent 
off-shell degrees of freedom. The trace of Ig, using Gpa to contract indices, is indeed 


Tr Ig = ^ { 9 ^, 9 ^ + = 9 . (3.103) 


Using the traceless projection operator (3.98) with our expressions for P and Ua and 
the background equations of motion, it follows that co^uja and (D^uja) are 


= <P,u (-nn - 


+ an - -gf^.FxrF 


Ar 1 


= (t>pu ( ) ap+ag( ^(Hpn) ) ■ 


(3.104) 


(3.105) 


Using E = P — uj’^Ua — {D°‘uja) and adjusting total derivative terms to make E Hermitian, 
we find that 


= cPp, {2Ry,) + ap i^-g>^gExrF^^ j 

+ 4>pu{-iR^'')4’ + (l)i-iRpa)4>^'' 

+ 'P,. ( ^(D^Pp] oF + aJ^(D^F^,)] 4r 


(3.106) 


The traceless graviton has nine off-shell degrees of freedom, while the trace cj) has 
only one and the graviphoton has four. Therefore, 


Trl = 9-hl-k4 = 14 


(3.107) 


From (3.106) it follows that 
Tr F; = , 

Tr E^ = 3Rp,p,R^^’'P^ - IRp.R^'^ + ^Rp.p^F^''EP^ + . 


(3.108) 
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In order to compute the curvature Hq/? we expand the commutator in (3.13): 


+ • (3.109) 

The covariant derivative commutes when acting on (p but not when acting on or 
We also account for the fact that is symmetric. So, the first term in (3.109) is 


/ \ (3.110) 

= (pfiu \^R^pali9^(^ ■ 

The second term in (3.109) can be calculated by applying the covariant derivative to LOa 
and simplifying with the Bianchi identity: 


(-D^Kpg^p - 9%D^]Fp’') 

/- (3.111) 

+ {DaFapg^p + gp[pDa^^F^^^) . 

Note that the covariant derivative is applied only to the background field strength tensors 
in the above expression, and not to the fields themselves. The last term in equation (3.109) 
is obtained by taking a product of oJa and o;^, antisymmetrizing, and simplifying with the 
background equations of motion, giving 


= \cPpu{FPpF^^g0„ - F^^Fp^g^ - F^'^Fp^gP^ - 2RP^g:gp, 

- \g%g^gfi.FxrF^-)(pP- + + R^pg^ - F^^F^p) 

-{a^ (5) . 

(3.112) 

We have all of the components of Q.py and so it is straightforward to compute the trace of 
using the background equations of motion and Bianchi identities. The result, up 
to a total derivative, is 

Tr = -7Rp,p„RP''P^ + 56Rp,RP^ - ^Rp^paFP^FP'^ - ‘^{Fp^^F^'^f . (3.113) 

Z o 


The choice of gauge-fixing in (3.88) induces the ghost Lagrangian 


/^ghost = 2bp(OgP‘' + RP^'jc, + 26nc - AtF^’^DpC, , (3.114) 

where bp,Cp are the diffeomorphism ghosts associated with the graviton and b,c are the 
ghosts associated with the graviphoton. For the purposes of computing the heat kernel 
coefficients we can treat bp,Cp as vector fields and b,c as scalar fields. In order to make 
the kinetic term in (3.114) diagonal, we make the change of variables 

,/ ^ ijbt, - Cp) , ^ bp + Cp , ^ i{b - c) , ^ b + c 
^ ^/2 ’ ^ ^/2 ’ ^/2 ’ ^/2 
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If we insert these into (3.114) and adjust the total-derivative terms to make the action 
Hermitian, we find that 


S' = y d^x 


+ h'AUg^^'' + R^^)b'^ + b'nb' + cDc' 


- (b' - ic'jF^^’^D.ib + ic) - (6 + ic)F^^''Dyy - id,) 


(3.116) 


We will now supress the ' on these terms for notational simplicity. From this action, we 
can read off the matrices P and cua as 

dnP^r = hyR%)b'^ + cyRy)P , 

1 1 (3.117) 

dnioJcdirndP" = ~ *CAt)7^a(^ + *c) - -(6 lc)Fau{bd - id') . 

The commutator of two covariant derivatives commutes when acting on the scalar ghosts 
but not on the vector ghosts, so 


= byR^,^yb^ + cyR>^,^yp . ( 3 . 118 ) 

Using (3.117) and (3.118) it is straightforward to compute E and for the ghosts: 
dnEZd^ = byR^^,)b^ + cyR>^,)P , 

= h{R^,o.p)b'' + cyR>^,^^)d' - - ic^.){D>^E^y{b + ic) (3.II9) 

+ ^{b + ic)iD,Eayib'^ -icn . 

Each vector ghost has four degrees of freedom, while the scalars each have one, giving 
Tr/ = 4-|-4-|-l-|-l = 10. The traces of E, and are 

Tr E = 0 , Tr , Tr = -2R^,p^R>^''P^ . (3.120) 

The total Seeley-DeWitt coefficients for the bosons in the gravity multiplet are given 
by inserting the traces in (3.108) and (3.113) (as well as the ghost traces in (3.120) with 
an overall minus sign) into (3.14). The result is 

{Ayyf^^\x) = 4 , 

(4vr)^af'"''’''(x) = ^E^^E^'^ , (3.121) 

(47r)2ar''’''(x) = ^ {l99Rp,p^RP''P'^ + 26Rp,RPn . 
loU 

Q,grav,6^^^ matches exactly with the Einstein-Maxwell result given in [9]. As mentioned 
there, it has no explicit dependence on the background graviphoton field strength, although 
we would have obtained a different result if we had ignored the terms involving the field 
strength in the action. 
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The full gravity multiplet heat kernel coefficients, with contributions from the graviton, 
gravitini, and graviphoton fiuctuations, are 

(4vr)2ar"(x) = 0 , 

(47r)2ar"(x) = , 

(47r)2ar"(x) = ^ + ^RpuR^'^ + - F^^PF^p) (3.122) 

-12R^^p„{FP’'FP^ - pP'^pP^) 

-3{FPPP,p - FPPF,p){Pp^P'^^ - Fp^Pn) • 

3.4.5 Gravitino Multiplet 

By gravitino multiplet we refer to the additional M — 2 gravitini, referred to as massive 
gravitini, and their superpartners in AA = 2 SUSY. The N = 2 gravitino multiplet consists 
of a (massive) Majorana gravitino, two vector fields, and a Majorana gaugino. The two 
vector fields are minimally coupled to gravity, so the heat kernel coefficients (including 
ghosts resulting from the standard Lorenz gauge-fixing) are well-known [6, 7]: 

(4vr)^ao'^^’''(x) = 4 , 

(4vr)^a2'^^’'’(x) = 0 , (3.123) 

^ (-13Rp^p^RP‘'P^ + SSRp^RP^ . 

The fermions in the gravitino multiplet are coupled together by the background gravipho¬ 
ton field. The Lagrangian describing these interactions is given in (2.41) as 

-^gravitino — ^ fi ^ , (3.124) 

where is the gravitino field, A is the gaugino field, and F = ^Fpy^P'^. We will proceed as 
we did for the gravitini in the gravity multiplet and choose the harmonic gauge = 0 

by adding to our Lagrangian the gauge-fixing term 

• (3.125) 

We also make the field redefinition 

Let {(/>m} = denote our fermionic fields. Then, the total action quadratic in these 

fields (including gauge-fixing) is 

5 = , (3.127) 

where 

cknHlcT = - XYD^X - ^ (l-^Fy^A + X^F^p) ■ (3.128) 
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The action (3.127) is in the Dirac form needed to employ our heat kernel methods, where 
H is the Dirac-type operator acting on our fermionic helds. 

From here, the story is familiar: we continue to Euclidean space, take A = HH\ and 
compute the heat kernel of A using all of our standard tricks. We will also include the ghost 
contribution (see (3.83)) that results from our choice of gauge-fixing and subtract that from 
the massive gravitino and gaugino contribution. The resulting heat kernel coefficients are 

(47r2)af’^(x) = -4 , 

(47r2)a^/2’^(x) = , 

- 15Rp^p^ (^FP'^FP^ - F^'^F^'^) 

- ^ ((F^,F'^")2 - (F^,F'^")2) . 

(3.129) 

Adding up the bosonic (3.123) and fermionic (3.129) contributions, the net heat kernel 
coefficients for the massive gravitino multiplet are 

(47r2)ao/^(x) = 0 , 

{i7r^)4/\x) = -Fp.pP'' , 

- llRp^p^RP^'P^ + 2ARp^RP^ + Rp^p„ (f^^fp^ - F^^pP^^ 

+ ^ ({Fp^pP^f - {Fp.F'P^f') . 


(dvr^ 


3/2 




(dvr^ 


3/2,/. X _ 


<“=> = -3ro 


4 Discussion 

In this section we collect our results and simplify their form. We compute the corresponding 
logarithmic corrections to black hole entropy. We discuss the signihcance of our results and 
the implications for Kerr-Newman black holes. 

4.1 The Conformal Anomaly and Central Charges 

The 04 (x) coefficients derived in each M = 2 multiplet are linear combinations of covariant 
terms that each contain four derivatives 

a4(x) = aiRp^p^RP^P^ + + a^iRp^p^PP'^PP^ + ... , (4.1) 

for some set of numerical coefficients {«*}. We found it useful to keep Fpy and Fpy distinct 
in §3 but we will now simplify as much as possible by expressing the dual held strength 
in terms of the Levi-Civita symbol and the held strength. We use the Einstein equation 
(3.29), the Schouten identity (3.30), and derivatives of the held strength (3.35) to prove 
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the following identities^: 


F>^PF''p = -F^PF'^p + ^gP‘'{Fp„FP‘^) = -2RP’^ + {Fp^FP'^) , 

R^.upaiPP’'PP^ - RP^RP^) = SR^^RP’^ , (^-2) 

{FpuPn^ - {PpuF^^'f = im^uRp^. 

These three relations are sufficient to rewrite all contractions involving the field strength in 
our 04 (x) results purely in terms of the Riemann tensor. This simplification is surprising 
because it would not work for generic four-derivative terms. It was noted previously for 
the bosonic content of the gravity multiplet [9]. 

From the argument above, we can write our 04 (x) coefficients as 

«4(^) = - ^^4 , (4.3) 

for some constants c and a, where the square of the Weyl tensor IT^j/po- is 

W^.upaWP'^P^ = Rf.up^RP^P'^ - 2R^,RP’^ + ^ ( 4 . 4 ) 

and is the Euler density (also known as the Gauss-Bonnet term) 

Ea = RpupaR^^'^" - + R^ . (4.5) 

The c, a constants can be identified as the central charges of the conformal anomaly in 4D. 
In theories without dynamical gravity they are related to the renormalization group flow 
of the quantum field theory [23-26]. 

We now take the 04 (x) results from §3 and use the identities (4.2) to rewrite them in 
the form of (4.3). The results for the central charges of our theory (with a single graviton 
multiplet, M — 2 gravitino multiplets, ny vector multiplets and uh hyper multiplets) are 
listed in table 1 . 


Fields 

c 

a 

Bosons 

E (137 + 12(AA - 2) - 3nv + 2njy) 

E (106 + 31(W - 2) + ny + n^) 

Fermions 

-E (137 + 12(AA - 2) - 3ny + 271^} 

3 ^ (-589 + 41(AA - 2) + liny - Wuh) 

Total 

0 

E{-ll + niJ\f-2) + nv-nH) 


Table 1. Central charges c and a for the massless field content of a W > 2 supergravity theory 
minimally coupled to the background gauge field. 


^In deriving these we assumed Lorentzian signature. The single time-like direction then gives an extra 
minus sign when contracting Levi-Civita symbols. 
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As a check on these results we consider the special case of BPS black holes. The near¬ 
horizon geometry for these spaces is AdS 2 x with non-zero components of the Riemann 
tensor 


- (2 g^sQM) > Rijki - ^2 idikOji giWjk) , (4.6) 


where £ is the radius of curvature of AdS 2 and 3“^. (The indices a, /?, 7 , S refer to AdS 2 and 
i,j, k, I refer to 5^.) It is straightforward to compute the curvature invariants 



If we combine these with the values of c, a found in table 1 we reproduce the sum of the 


bulk and boundary contributions (for bosons and fermions separately) computed in [ 8 , 27] 
exactly. 

The results for c, a in table 1 are fairly complicated when considering bosons and 


fermions separately. However, the bosonic and fermionic values of c for any full M = 2 


multiplet exactly cancel, giving c = 0. By simultaneously considering quadratic fluctuations 
of both the bosonic and fermionic fields in our theory, the c-anomaly vanishes for arbitrary 
M = 2 multiplets. The entire one-loop result depends only on the Euler density E 4 : 


a 


04(2:) 


(4.8) 



This cancellation would not be noticed for supersymmetric black holes, since = 

0 on AdS 2 X (4.7). 

The cancellation of the c-anomaly is far from automatic. For example, c does not vanish 
in pure Einstein-Maxwell theory [9], or equivalently for the bosonic part of our M = 2 
supergravity multiplet. c and a have been computed in many theories without dynamical 
gravity but rarely do these computations yield c = 0 [17, 28-30]. For quantum field theories 
that can be described via the AdS/CFT correspondence the canonical situation is c = a in 
the large N limit [31-35]. 

4.2 Black Hole Entropy 

The logarithmic dependence of the black hole entropy is governed by 



where Ciocai is the constant term in the heat kernel D(s) (3.6) and is an integer we 
add to account for zero modes. [2, 3, 36, 37]. 


From the series representation of K{x,x] s) in (3.9) it is clear that 



(4.10) 


where y is the 4D Euler characteristic 



(4.11) 





If we insert (4.10) into (4.9) and employ the full value of the central charge a from table 1, 
we find the logarithmic correction to the black hole entropy 

-nv + uh^ log Ah + 

The logarithmic correction depends only on the Euler characteristic y (as well as the zero 
mode correction Czm)- This result is important because y is a pure number that depends 
only on the topology of the black hole solution and not on any black hole parameters. 


-Czm^ogAn ■ (4-12) 


6S = ^(ii-n{M-2) 


4.3 Kerr-Newman Black Holes 


The metric of a Kerr-Newman black hole parameterized by mass M, angular momentum 
J, and charge Q is 


ds^ = — 


+ 


r"^+ 1 ? ij) — 2 Mr + Q'^ -|- 6 ^ cos^ V' 2 (2 .2 2 ; \ i/2 


-dr + 


r + 6^ cos^ r r -\-b‘^ — 2Mr -\- Q'^ 

(j .2 _j_ ^2 pQg 2 _|_ ^2^ _j_ (2Mr — sin^ r .^2 7,2 


dr^ + {r + r cos"^ 'ip)dip 


r + 6^ cos^ r 

2(Q2 _ 2Mr)b . 2 ! 

H- 5 -- 5 — sm rdtdcj) , 

-|- 0 ^ cos^ yj 

where b = J/M. The horizon is located at 


■ sin^ r d(f) 


(4.13) 


rH = M + Vm2 -Q'^-b^ , 


(4.14) 


and the inverse temperature /3 = i is 


/3 = 


27rM 


V^M4 - J2 - M2Q2 


(2M‘^ - + 2y/M^ - J2 _ m2Q2^ _ (415) 


After Euclidean continuation t —?• —ir and interpreting r as a periodic coordinate with 
period (3 one can show that [37] 


= 647r2 + 


7r/3Q^ 


65rl(62 + rV) 


Ab°rH + 2 rr 


H 


+ 3(6 -r^)(6 +r^) tan + Sbr'n 


(4.16) 


This expression can be recast as a complicated function of two dimensionless ratios, e.g. 
QjM and J/M"^ . In the extremal limit = 6^ + the expression depends on only one 
of these ratios, but still in a very non-trivial way [9]. In contrast, the integral of the Euler 
density is a pure number 

X = J d'^Xy/^Ei = 2 , (4.17) 

for all values of the dimensionless ratios. 

For generic field content the coefficient of the logarithmic correction to Kerr-Newman 
entropy resulting from (4.3) depends on the Weyl invariant and thus on all of the black hole 
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parameters through the complicated expression in (4.16). Our result in (4.12), however, 
demonstrates that when these black holes are interpreted as solutions to M > 2 SUGRA 
there is dependence only on y and thus the logarithmic corrections to Kerr-Newman entropy 
are universal: 

6 S = + SCzm) - 11(AA - 2) - ny + log Ah ■ (4.18) 

The correction due to zero modes Czm depends on the setting. Some important examples 
are: 

• BPS black holes: Czm = 2 [3]. The background is spherically symmetric and 
preserves supersymmetry, giving rise to translational, rotational, and SUSY zero 
modes. 

• Extremal rotating Kerr-Newman: Czm = —4 [36]. The angular momentum 
breaks two of the rotational isometries and the background no longer preserves su¬ 
persymmetry, leaving translational modes and one rotational mode. 

• Non-extremal rotating Kerr-Newman: [37]. The zero mode counting 

is the same as for the extremal case except with an additional correction due to the 
finite IR volume of integration. 

For completeness we review the computation of in Appendix A. 
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A Zero Modes 

We initially defined the heat kernel D(s) in (3.4) to include zero modes of A, so 

D{s) = Y, = Y ’ (A-l) 

i 

where is the number of zero modes (i.e. the number of distinct eigenvalues of A that 
are zero). The contribution from the zero modes in (A.l) affects only the constant term 
Do and not any other terms in D{s). 

This contribution from zero modes must be reconsidered carefully. The schematic 
Euclidean path integral representation of the one-loop effective action (3.3) does not apply 
to zero modes, as the functional integral over the fields is no longer a Gaussian. Instead, the 
zero mode piece of the path integral reduces to ordinary integrals over the symmetry groups 
that give rise to these zero modes. These integrals depend on the scaling dimensions of the 
symmetry groups. Contributions from zero modes were included in our local expressions 
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but with an incorrect weight of 1, as in (A.l). The correction due to the actual scaling 
dimension of the zero modes is 


- l)iV« + ^(2A, - l)iV« . (A.2) 

ieB i£F 

where A is the scaling dimension of the field and N^m is the number of zero modes associated 
with that field [3, 8 , 36]. The fermionic zero modes have the opposite sign as bosonic zero 
modes to account for fermion spin statistics. The fermionic scaling dimensions also count 
with double weight due to spin degeneracy. 

The correct treatment of zero modes introduces the correction C^m in (4.9). As dis¬ 
cussed in §1 of [36], (4.18) describes the logarithmic correction to the entropy in the mi- 
crocanonical ensemble where M, Q, and J are fixed. In general Czm can depend on how 
these quantities have been hxed. This correction has been computed in many different 
cases [2, 3, 36, 37]. We collect these different results and present them compactly as 


Czm = -(3 + AT) + 2 A'susy + 3h , 


(A.3) 


where 



f4 

A^susy = < 

lo 



for J3 fixed with arbitrary 
for J3 = = 0 

for BPS black holes 
for non-BPS black holes 

for non-extremal black holes 
for extremal black holes 


(A.4) 


Scalars and spin-1/2 fermions have no zero modes. Vector fields have scaling dimension 
Ai = 1, so there are no corrections due to vector zero modes. All zero modes in the vector 
and gravitino multiplets are due to vector fields and thus these multiplets do not get 
corrected. Therefore we only need consider the fields in the gravity multiplet. 

The metric has scaling dimension A 2 = 2 and 3-|-Ar zero modes. There are 3 zero modes 
associated with translational invariance and K zero modes associated with the number of 
rotational isometries of the black hole solution. 

The fermionic zero modes have scaling dimension A 3/2 = |. For BPS black hole 
solutions there are 4 SUSY zero modes, but there are no fermionic zero modes when the 
background does not preserve SUSY. 

Non-extremal black holes have a finite temperature and thus we assume the inverse 
temperature /3 scales with the length scale of the black hole, as opposed to the extremal 
limit where (3 —)> 00 . We thus have to consider a finite IR volume of integration, which 
gives a 35 contribution to (A.3) that exactly cancels the translational zero modes for non¬ 
extremal black holes [37]. 
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